
Letters to the Editor 

Comments on "Measurements of Anisotropic Neutron 
Diffusion Coefficients in Square Lattices of Aluminum 

in Light Water by the Pulsed Neutron Method" 

In a recent Note, Kaneko et al. 1 attribute to me2 the 
prediction that the discrete-time eigenvalue cannot exceed 
the limit of ( v~)min of the materials constituting the heter
ogeneous system. 

I must make it clear that in my Nukleonik paper no such 
statement is made. In fact, the paper deals with the diffu
sion length experiment and predicts that the spatial decay 
constant in a heterogeneous system is bounded by ~min· The 
origin of the time-dependent analog of my result is difficult 
to trace, but certainly it is evident in the work of Grosshog,3 

Dance and Connolly,4 and Sjostrand and Grosshog5 and 
therefore, it is to the work of these authors that referenc~ 
should have been made by Kaneko et al. 

Let me emphasize that this Letter is in no way intended 
as a criticism of the scientific merit of the paper under 
discussion, but is simply an effort to set the record straight 
regarding the role of ( v~)min in heterogeneous systems. 
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Comments on "On the Randomness of a Neutron's 

Kinetic Energy as It Slows Down by Elastic 

Collisions in an Infinite Medium" 

In a recent Note, Barnett1 considered some problems 
concerning the slowing down of neutrons in an infinite non
absorbing medium; he employed the language and the 
methods of probability theory as an alternative to the pro
cedures typical of transport theory. The purpose of this 
Letter is to show that Barnett's results can be obtained 

1C. S. BARNETT, Nucl. Sci. Eng., 55, 234 (1974). 

directly from the appropriate form of the transport 
equation. 

It is my belief that all contributions to a cross-fertiliza
tion among the fields of nonequilibrium statistical me
chanics, probability theory, and neutron transport theory 
are very useful. However, in the specific case of Ref. 1, it 
appears that the interesting features inherent in establish
ing a connection between transport theory and probability 
theory can be somewhat hindered by the computational 
intricacies in which the probability theoretical approach 
seems to be entangled. Finally, it may be worth mentioning 
that a debate concerning issues related to those considered 
here has appeared recently, following a previous Note by 
Barnett.2
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THE NOTATION 

Retaining Barnett's notation we let 

A g scattering mass 
units (A ~ 1) 

"(A _ 1)2 

a = A + 2 , so that 

{3 g -log (a) 

H(x) g {1 for x ~ 0 
0 for x < 0 

of nucleus in neutron mass 

o~a<l 

l(b,cl(x) g H{x-b)- H{x-c), for b < c 

Qn g kinetic energy of neutron during n'th flight 

Qmax g maximum kinetic energy of injected neutrons 

Un g log ( Qmax/ Qn) = lethargy during n'th flight 

E [ ... ] g expectation value of the random variable [ ... ] 

P [ ... ] g probability that [. .. ] is true 

M(u) g number of collisions at which the neutron's 
lethargy crosses the value u. 

Furthermore, we employ the following notation, which 
differs from Barnett's: 

Pn(u) g probability density function for the lethargy of 
neutrons in their n'th flight 

p:(Q) g probability density function for the energy of 
neutrons in their n'th flight 

q(u) g probability density function for the lethargy of 
injected neutrons. 

:c. S. BARNETT, Nucl. Sci. Eng., 50, 398 and 52, 381 (1973). 
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5
E. R. COHEN, Nucl. Sci. Eng., 52, 280 (1973). 
E. H. CANFIELD, Nucl. Sci. Eng., 53, 137 (1974). 
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H e r e t h e r e q u i r e m e n t s 

J" dup„(u) = ff™*dQp*(Q) = /" du q(u) = 1 

m u s t b e s a t i s f i e d . 

F i n a l l y , w e d e f i n e t h e L a p l a c e t r a n s f o r m p a i r s 

( £ ( s ) = - £ [ £ ( . ) ] = / ; du e x p ( - s a ) g(u) 

\gM = [#(•)] • 

L E T H A R G Y DISTRIBUTIONS 

(1) 

U n d e r t h e a s s u m p t i o n t h a t a l l n e u t r o n s g e n e r a t e d b y t h e 
a p p l i e d s o u r c e h a v e e n e r g y Q Q m a x a n d t h a t t h e r e i s n o 
a b s o r p t i o n o r l e a k a g e , t h e n e u t r o n t r a n s p o r t e q u a t i o n c a n 
b e w r i t t e n i n t h e f o r m 7 

Pi(u) = q(u) 

P«+M) = £du' PM')M' -u) , n = 1, 2,. . . 

w h e r e 

fW = 
1 - a 

(2) 
( 3 ) 

( 4 ) 

H e r e J ° ° dwf(w) = 1 . L a p l a c e t r a n s f o r m i n g E q s . ( 2 ) a n d 

( 3 ) w e f i n d 

f t * \ • r / M l 1 - e x p [ - ( l + s ) ] / 3 As) = £ [/(.)] = (1 . a) (1 + s) 

£ „ + i ( s ) = ? ( s ) 7 " ( s ) , f o r n = 0 , 1 , 2 . . . . 

( 5 ) 

( 6 ) 

T h e f u n c t i o n f ( w ) , d e f i n e d b y E q . ( 4 ) , c a n b e i n t e r p r e t e d 
a s t h e p r o b a b i l i t y d e n s i t y f u n c t i o n f o r t h e r a n d o m v a r i a b l e 
" l e t h a r g y g a i n p e r c o l l i s i o n . " T h e n , i f w e l e t 

w e f i n d 

E\w] = j" dwf(w)w = -/ 

E[w2] = |o°° dwf(w)w2 = /(2) 

(i) _ = 1 + 
1 + a 

{ 2 - a - a [ l o g ( a ) - l ] 2 } 

( 7 ) 

l o g ( a ) ( 8 a ) 

( 8 b ) 

R e s u l t s i n E q . ( 8 ) w e r e o b t a i n e d b y B a r n e t t b y t h e s a m e 
p r o c e d u r e [ s e e E q s . ( 1 4 ) a n d ( 1 5 ) o f R e f . 1] , S i m i l a r l y , 
B a r n e t t ' s r e s u l t s i n E q s . ( 1 6 ) a n d ( 1 7 ) c a n b e o b t a i n e d f r o m 
E q . ( 6 ) o f t h i s L e t t e r . 

E N E R G Y A V E R A G E S 

E m p l o y i n g d e f i n i t i o n ( 1 ) a n d r e m e m b e r i n g t h a t Q(u) = 

Qmax e x p ( - it), w e f i n d f o r a > - 1 a n d n= 1, 2 , . . . 

E[Qa
n] = /o°° du Qa{u) p„{u) = f™ du Q^expi-au) p„(u) 

= QLM) , 0 ) 

s o t h a t , m a k i n g u s e o f E q s . ( 5 ) a n d ( 6 ) , 

w . ' ] ) m a r • z - " 1 ^ - [ ( 1 % f l u ' a j ' " 1 > 

(10) 

w h i c h i s B a r n e t t ' s 1 r e s u l t i n E q . ( 1 ) . 

HYDROGEN SCATTERING (A = 1) WITH A 
M O N O E N E R G E T I C SOURCE 

H e r e w e h a v e 

q(u) = px{u) = 6 (w) . (11) 

A l s o , A = 1 , s o t h a t a = 0 , j3 - > + f ( s ) = ( 1 + s ) " 1 . T h e n , 

f o r n = 1 , 2 , . . . , 

£ „ + i ( s ) = / » = ( 1 + « P 

MM) . 

(12) 

( 1 3 ) 

H e n c e , f o r n = 1 , 2 , 3 . . . 

** (o\ h r ^ i / l ^ l V 1
 [ l o g ^ a x / Q ) ] " ' 1 

x ho,QmJ») • (14) 

R e s u l t s ( 1 3 ) a n d ( 1 4 ) c o i n c i d e w i t h B a r n e t t ' s 1 r e s u l t s , 
E q s . ( 1 9 ) a n d ( 2 0 ) . W e t u r n n o w t o t h e e v a l u a t i o n o f 
P[M(u) = AT] f o r t h e c a s e o f h y d r o g e n u n d e r t h e a s s u m p t i o n 
o f v a l i d i t y o f E q . ( 1 1 ) . I t i s c l e a r t h a t 

P[M(u) = 1] = H(u) f™ du' fki') = e'"H(n) . (15) 

M o r e o v e r , f o r n = 2 , 3 , . . . 

P[M(u) = n] = P ( l e t h a r g y u„ o f n e u t r o n d u r i n g i t s n ' t h 
f l i g h t i s s m a l l e r t h a n u) - P [ K B + 1 < u] 

= j* dy pn{y) - I* dy pn+1(y) 

I T ^ h ^ s 
n-1 

ffU) , 

H(u) ] 
= e (16) 

7 J . F E R Z I G E R and P . F . Z W E I F E L , The Theory of Neutron 
Slowing Down in Nuclear Reactors, T h e MIT P r e s s , C a m b r i d g e , 
M a s s a c h u s e t t s (1966) . 

( « - 1 ) ! 

w h e r e E q . ( 1 3 ) w a s e m p l o y e d . I t i s e a s y t o v e r i f y t h a t f o r 
oo 

a l l u> 0 , 2 P [ M ( U ) = « ] = ! , a s e x p e c t e d . E q u a t i o n s ( 1 5 ) 
»=o 

a n d ( 1 6 ) c o i n c i d e w i t h B a r n e t t ' s E q . ( 2 2 ) . 

S C A T T E R I N G WITH A a 2 A N D 
M O N O E N E R G E T I C SOURCE 

A s s u m p t i o n ( 1 1 ) i s r e t a i n e d . E m p l o y i n g t h e p r o c e d u r e 
y i e l d i n g E q s . ( 1 5 ) a n d ( 1 6 ) a n d m a k i n g u s e o f t h e d e f i n i t i o n 
i n E q . ( 4 ) , w e f i n d 

P[M(u) = 1] = H(u) JT8 dy f{y) = ( - a) /(o,„(») . 

( 1 7 ) 

M o r e o v e r , m a k i n g u s e o f E q . ( 6 ) , 

P[M(u) = n] = ft dy p„(y) - £ dy pn+1(y) 

^ • ' [ s - ' f ' W - ^ I s - ' M ] « = 2 , 3 , . . . . 

(18) 



N o w l e t 8 

mJM £ [ e » - 'p H(u) = - T 1 [ ( s - l ) " 1 s""] , 

n = 1, 2 , . . . . ( 1 9 ) 

T h e n , m a k i n g u s e o f t h e d e f i n i t i o n i n E q . ( 4 ) , o n e f i n d s 8 

[ s - 7 " ( s ) j = ( i - < * r v a { ( « - l r 1 s -

x [ 1 - e x p ( - s j S ) ] " } 

= ( 1 - a y e - p - T 1 [ ( J ) ( - 1 ) * e x p ( - s 0 f e ) ( s - l ) " 1 s - J 

= ( 1 - a)" e'u £ ( - 1 ) * ( I ) H(u - 0ft) m„(u - $k) (20) 

f o r w = 1 , 2 , . . . . S u b s t i t u t i o n o f E q . ( 2 0 ) i n t o E q . ( 1 8 ) 
y i e l d s t h e v a l u e o f P [ M ( u ) = » ] . T h e r e s u l t c o i n c i d e s w i t h 
B a r n e t t ' s 1 E q . ( 5 3 ) . 

M a k i n g u s e o f E q . ( 1 8 ) w e f i n d 

£[M(u)] £ f j nP[M(u)=n] 
» = i 

» ^ - l { s " l [ l - / ( s ) r 1 } ( 2 1 a ) 

E[M*{u)] i f j n2P[M(it) = n] 
»=1 

= g ( 2 « + l ) / " ( s ) l 
L B=0 J 

= ^ - 1 { s - 1 [ l + / ( s ) ] [ l - / ( s ) r 2 } . ( 2 1 b ) 

E q u a t i o n ( 2 1 ) s h o w s t h a t E[M(u)] i s t h e i n t e g r a l w i t h 
r e s p e c t t o u o f t h e f u n c t i o n x ( w ) , w h i c h i s d i s c u s s e d i n 
S e c . H o f R e f . 7 . N o w w e o b s e r v e t h a t [ l - / ( 0 ) ] = 0 . 
F u r t h e r m o r e , i f w e l e t x = Re(s) a n d o> = Im(s), w e f i n d 

I / ( * + i w ) I £ / 0 ° ° d " e x p ( - * w ) f(u) < 1 , f o r * > 0 

|Re f ( i w ) | = \f™du COS(WM) / ( M ) | < 1 , f o r w * 0 . 

H e n c e , i n t h e c o m p l e x p l a n e , t h e o r i g i n i s t h e r i g h t m o s t 
s i n g u l a r i t y 9 o f [ l - / ( s ) ] - 1 . N o w , k n o w n t h e o r e m s 1 0 l i n k t h e 
b e h a v i o r o f t h e t r a n s f o r m e d f u n c t i o n g{s) i n t h e n e i g h b o r -
h o o d o f i t s r i g h t m o s t s i n g u l a r i t y w i t h t h e b e h a v i o r o f 
g(u) = [ £ ( . ) ] f o r u - » +«>. E m p l o y i n g d e f i n i t i o n ( 7 ) w e 
f i n d 

f o r s — 0 ( 2 2 a ) 

8 F . O B E R H E T T I N G E R and L. B A D E , Tables of Laplace Trans-
forms, S p r i n g e r - V e r l a g , N e w Y o r k (1973)._ 

"The l o c a t i o n of the r e a l r o o t s of [ 1 - / ( s ) ] * 0 h a s b e e n s t u d i e d 
r e c e n t l y by C. E. S I E W E R T a n d A. R. BURKARDT, Nucl. Sci. Eng., 
5 4 , 4 5 5 and 55 , 247 (1974) . 

1 0 G. DOETSCH, Handbuch der Laplace Transformation, V o l s . I 
and II, V e r l a g B i r k h a u s e r , B a s e l (1950 and 1956) . 

- t7ii1i (a«-+.-•[/« - 2 fS] + 

( 2 2 b ) 

T h e n 1 0 w e a r e e n t i t l e d t o c l a i m t h a t 

E [ M { u ) ] - - i t ] + l < M + o { u ' 1 ) ' for 

( 2 3 a ) 

U[w]/ E[w] ( {E[w]f j 
(3 (EW}f 2 E[w3] 1 gfr'H „ o(u-i) 

+ } 2 J e [ w W ' 3 teW)3 " 2 teW?) ' 

for u—>+ oo , 

( 2 3 b ) 

w h e r e E q s . ( 8 ) w e r e e m p l o y e d . R e s u l t ( 2 3 a ) y i e l d s 
B a r n e t t ' s 1 E q . ( 4 3 ) . M o r e o v e r , b y c o m b i n i n g E q s . ( 2 3 a ) a n d 
( 2 3 b ) a n d a f t e r s o m e m a n i p u l a t i o n s , B a r n e t t ' s 1 r e s u l t ( 5 4 ) 
c a n b e o b t a i n e d . 

SOME CONCLUSIONS 

C l a s s i c a l t r a n s p o r t t h e o r y h a s b e e n e m p l o y e d t o d e r i v e 
r e s u l t s t h a t B a r n e t t 1 o b t a i n e d b y a p r o b a b i l i t y - t h e o r e t i c a l 
m e t h o d ; t h u s , t h e s c o p e o f c l a s s i c a l t r a n s p o r t t h e o r y h a s 
b e e n s h o w n n o t t o b e l i m i t e d t o t h e e v a l u a t i o n o f a v e r a g e 
b e h a v i o r s . 

T h e t r a n s p o r t t h e o r y a p p r o a c h s e e m s t o i n v o l v e s i m p l e r 
m a t h e m a t i c a l p r o c e d u r e s . H o w e v e r , i t m u s t b e r e c o g n i z e d 
t h a t r e s u l t s g i v e n i n E q . ( 2 3 ) h a v e b e e n o b t a i n e d h e r e b y a 
m a t h e m a t i c a l p r o c e d u r e t h a t i s o n l y h e u r i s t i c . A r i g o r o u s 
t r e a t m e n t w o u l d r e q u i r e p r o o f t h a t t h e s e r i e s a n d t h e 
i n v e r s e t r a n s f o r m a t i o n a p p e a r i n g i n E q s . ( 2 1 a ) a n d ( 2 1 b ) 
c o m m u t e . F u r t h e r m o r e , t h e t r a n s i t i o n f r o m E q s . ( 2 2 a ) a n d 
( 2 2 b ) - w h e r e t h e O s y m b o l a p p e a r s — t o E q s . ( 2 3 a ) a n d ( 2 3 b ) — 
w h e r e t h e o s y m b o l a p p e a r s — o u g h t t o b e j u s t i f i e d b y 
c h e c k i n g t o s e e t h a t a l l a s s u m p t i o n s o f t h e r e l e v a n t 
t h e o r e m s 1 0 a r e s a t i s f i e d . 
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