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Comment on the Nonhyperbolicity of 
Two-Phase Flow Equations 

In a recent Note, Lyczkowski l considered why the two
phase flow equations having equal phase pressure are not 
hyperbolic. Lyczkowski 1 extended the analysis of a single 
fluid in an elastic pipe to the set of two-phase flow equations. 
He showed that if the phase flow area for each phase is taken 
to be a function of a single pressure, complex characteristics 
can occur. Since his characteristic analysis has not taken into 
account the equal pressure constraint, his explanation needs 
some modifications. In this Letter, we want to show that if 
the phase flow area is a function of a single pressure, the 
two-phase flow equations are physically hyperbolic. However, 
if the phase flow area is not explicitly constrained by pressure 
or other variables, the two-phase flow equations, which 
contain no other static and dynamic forces, are not totally 
hyperbolic. 

First, we review the characteristic analysis of the two
phase equations considered by Lyczkowski.1 Without loss of 
generality, we remove the need to consider the energy 
equations by assuming a constant enthalpy flow such that 
Pk = Pk(Pk), where the subscript k denotes phase k, P and P 
are the cross-sectional-averaged density and pressure. The 
continuity and momentum equations for phase k are 

o 0 ot (AakPk) + OZ (AakPkuk) = 0 (1) 

and 

and 
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where the subscripts g and f denote gas (or vapor) and liquid 
phases, respectively, and the sound speed of phase k is defined 
by 

(
OPk)-1 ak = OPk ; k = g,f . (5) 

Equations (3) and (4), which correspond to Eqs. (2Sa) 
and (2Sb) of Lyczkowski/ are obtained without restricting 
the two-phase pressure relationships. If the phase volume 
fraction is a function of the phase pressure, the constraint 
on ak(ag + CXt = 1) requires that Pg = Pt. Therefore, Eqs. (3) 
and (4) are not the characteristics of Eqs. (1) and (2) when 
two-phase pressures are equal. 

When two-phase pressures are equal and the phase flow 
area or volume fraction is a function of pressure, the governing 
equations become 

and 

O~ (ACXkPkUk) + O~ (ACXkPkUk) + Aak ~: = 0 (7) 

The characteristic velocities are given approximately by 

(8) 

where A is the pipe cross-section area, ak is the phase volume and 
fraction, and Uk is the phase velocity. In Lyczkowski's work 
~~ , 

Ak =Aak . 

The coupling between two phases occurs through the phase 
pressure Pk and phase volume fraction ak. When both phase 
pressures are equal (Pk = p), Eq. (2) corresponds to Eq. (19) 
of LyczkowskL! 

By assuming that ak is a function of the phase pressure 
Pk and the total flow area A is constant, the characteristics 
of Eqs. (l) and (2) without the equal pressure constraint are 

A = U + ag 
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(3) 
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(9) 

where 

and 

CXk dCXk 
Ck = 2" +Pk-

ak dp 

The hyperbolic condition is given by 

da 1 (CXg Oit) 
dp < Pt - Pg ai + a} (10) 
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The characteristics Al and A2 represent the sound-wave 
characteristics along which small-amplitude pressure distur
bances propagate. The third characteristic, A3, represents a 
slow-wave characteristic along which the velocity-difference 
or phase-slip disturbance propagates. 

If dOl./dp < 0, AI,2 will be real. Consider the case of thermal 
equilibrium, then the vapor void fraction 01. is a function of 
the pressure and mixture specific enthalpy h. For a flow with 
constant enthalpy (dh = 0),01. is a function of pressure only. 
In this case, dOl./dp is given by 

.P... F + --¥r _ ..!. (OI.f + OI.{) 
dOl. Pg Pgag Pg ag af 
dp = - x 

1 +pg (pf - Pg) 
(1) 

where 

F = 1 dhfs + h - hfs (dhgs _ dhf s) , 
hgs - hfs dp (hgs - hfs)2 dp dp 

h =xhg + 0 -x)hf ' 

P = CXgPg + OI.fPf ' 

h - hfs 
x = , 

hgs - hfs 

and 

(12) 

and the subscript s denotes saturation line. Here, h is the 
specific enthalpy of phase k and x is the static quality. 

Using the fact that ag < af, P ;;;;. Pg, and F> 0, it is clear 
that dOl./dp < 0. Therefore, the two-phase flow equations are 
always hyperbolic for the case of thermal equilibrium. Since 
the equation set for the homogeneous nonequilibrium model 
is always hyperbolic, we would expect that dOl./dp < ° is true 
also for the thermal nonequilibrium case. Hence, if the phase 
flow area is taken to be a function of phase pressure, the 
two-phase flow equation set is always hyperbolic for the 
case of equal phase pressures. 

However, if the phase flow area is not explicitly dependent 
on pressure and/or other variables (Le., there is no constraint 
on 01.), the characteristics for Eqs. (1) and (7) are 

AI,2 = U ± a (13) 

and 

(14) 

where 

and 

. (ug - uf)(OI.gOI.fpgPf)1/2 
w= I 

OI.gPf+OI.fPg 

It is clear that the equation set is not hyperbolic unless ug = ufo 
The equation set can be hyperbolic only when other static 
and/or dynamic forces are included in the momentum equa
tions. For example, the gravity force, interfacial pressure 
term, surface tension, viscous term, and the virtual mass force, 
which constrain the phase pressure, void fraction, or phase 
velocities, will render the equation set hyperbolic. As a result 
of the constraints on phase pressure, void fraction, and phase 
velocities, which occur physically, additional couplings be
tween two phases occur. 

It can be concluded that the constraint on the phase 
pressure results in a change in the sound-wave characteristics 
(Le., two pairs of sound waves become a pair of sound wave) 
and constraints on volume fraction and phase velocities 
modify the slow-wave characteristics of the two-fluid model. 
Complex characteristics of the equation set result when the 
physical constraints on the volume fraction and phase 
velocities are ignored. 
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Reply to "Comment on the 
Nonhyperbolicity of Two-Phase 

Flow Equations" 

w. S. Liu 

The analysis I may contain elements of a contradictory 
nature for the following reasons. 

1. Liu used a different equation-of-state, Pk =: Pk(P), to 
arrive at his Eqs. (6) and (7). This reduced the order of the 
system from four to three and he obtained different character
istics. 

2. The quantity dOl./dP is not always negative. The most 
obvious situation is the decompression of an initially saturated 
vapor that causes condensation to occur (Wilson cloud cham
ber effect). The value a? =: dpf/dP is negative along the satura
tion line. 

3. Lyczkowski et al. 2 found that Eqs. (1) and (7) pro
duce a characteristic polynomial which does not factor. If 
a? = a-l =: 0, then Eq. (4) results, but Al2 are infinite. 
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