
425 LETTERS TO THE EDITORS 

dv 

(10) 

dv 

(11) 

With (7-3) it fol lows that 

+ \*2c2 £ v3 £ <j>(v,v')6(v'-v)dv'^dv . 

In the second te rm in (6) one may interchange the order of 
the integrations with respect to p. and v'. The integral over 
v' can be evaluated. Af ter the substitution of v' for /i under 
the integral sign one finds: 

\ c C " WMw') dp'] 

= \ c Jli v dv' 
For the th i rd te rm in (6) one finds in an analogous way: 

\ c c [ n ^ x *v-vw}dV' 

= | c £ v\(v) [£; ^ ^v,v>)dv^ dv. 

The fourth te rm in (6) gives according to definit ion 5: 

Jl' Jl! ^'^'^{Jl! ^(v-n)x6(v'-ti)dfijdvjdv 

= £ v\2(v) £ *(v'-vWv,v')dv*]dv. (12) 

With the results (9) - (12) one derives the following 
expression for the left-hand side of the relat ion (5): 

= £ N(v) £ 6(v'-i>)<&y)dv' dv (13) 

with N(v) = v[X2(v) + facv)2]. 

According to definit ion 2 the r ight-hand side of the 
identity (13) is equivalent to 

(l(v), (d(v'-v), NHv)fiF(vr) </>(i^'))i)i , 

which, according to definit ion 5, is in tu rn equivalent to 

(l(v)xd(v'-v), NHv)NHv') (i>(v,v'))2. 

This proves the relat ion (5) for every 0eD2. 
We remark that the relat ion (5) can also be proved 

start ing f r o m the fact that the generalized function [T(v) x 
T( i>')]/i i s a continuous function of the p a r a m e t e r ^ in the 
sense of Ref. 4, Kap. 1 Anhang 2. This enables one to wr i te 
the left-hand side of (5) as 

£ lx{(T(v)X T(v%, $(v,v'))2dn, 

which is equivalent to 

Jl! dn. 
If one uses theorem 1 and the Poincare-Bertrand formula 
(8) it is not d i f f icul t to show that this is equal to the ex-
pression in the r ight-hand side of (5) for every 0eD2. 

Having established the resul ts above one deduces a l l 
other formulae that have appeared in the l i terature, e.g. 
the fu l l - range closure relat ion and the angular Green's 
function, using exactly analogous methods. 

DISCUSSION 

From the proof of theorem 2 above one concludes that 
Mclnerney's relat ion (Eq. (35)) is val id only if v f ± v; in 
essence it corresponds to our relat ion (7-1). Therefore its 
use in the identity (Eq. (32)) is not just i f ied, since (32) 

(9) holds and is used also if v' = v. The correct fo rm of (35) 
should contain a supplementary factor in the r ight-hand 
side to account for the contribution f rom the diagonal v f = v; 
this factor is essentially expressed in our result (7-2). 

The statement of Ku&ter and McCormick concerning the 
ambiguity in the Poincare-Bertrand formula is due to a 
misinterpretat ion of the integrals occurr ing in this f o r -
mula. In the notation of Ref. 3 the meaning of the integral 
over v in the r ight-hand side of Eq. (2B) when jll' = /JL is 
uniquely defined by the factor V2F(IJL,}I) representing the 
contribution to the integral over JLL ' at the point II' = /JL. As 
we demonstrated above this contribution i s equal to 

7r2F(/i , / i)6(/ i-^). 
In conclusion we should l ike to make the following r e -

marks. 
The introduction of generalized functions in neutron 

transport theory requires proper definit ions and their 
proper handling as functionals. Though the theorems may 
be stated in the usual shorthand notation, proofs should 
always be given with reference to the space of test-
functions. 

The symbol T for a generalized function is prefer red to 
</> since in mathematical l i terature the symbol $ is com-
monly used to denote a test-function. 

The symbol P only denotes a meaningful operator if 
placed before an integral sign. Therefore formulae like 
(2A) and (2B) in Ref. 3 are mathematically senseless. 

The same warning is appropriate to formulae (4) and (7) 
in Ref. 2, where one si lently passes f rom generalized func-
tions eDf in the left-hand side to generalized functions eDf 
in the r ight-hand side. Such ambiguities cause confusion 
and should therefore be avoided. 

To summarize we have given a r igorous proof that there 
is only one consistent system of formulae in neutron 
transport theory. It is the system that is current ly used in 
this f ield, fol lowing the work of Case et al. 
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Comment to the Preceding Letter by Kaper 

We appreciate the effort of Kaper to mathematically 
just i fy what we hoped to convey in a heurist ic manner. It is 
indeed reassuring to see that his Eq. (7-3) follows f r o m 
our Eq. (3A), and that his derivat ion is closely related to 
ours (so that i t seems to the same extent arb i t rary) . 

We admit not having explained one symbol which has 
created doubt about the mathematical sense of the equa-
tions. Our / P stands for P j or £ of other authors, whereas 
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P alone (which of course is no operator) re fers to future 
integration. Never did we make the statement, of which we 
are accused, that the Poincare-Bert rand formula is ambig-
uous, but only that one of the integrals involved requires an 
interpretat ion, and that wi th a dif ferent interpretat ion the 
shape of the formula changes. Kaper too quotes the usual 
interpretat ion, equivalent to our Eq. (3B), after his Eq. (8). 
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Fur ther Comments on the Use of Generalized Functions 

in Neutron Transport Theory 

We are indeed indebted to M r . Kaper1 for his c la r i f i ca-
tion of the arguments introduced by Jacobs and Mclnerney2 

and KuSEer and McCormick3 regarding the angular Green's 
function of neutron transport theory. However, we believe 
it is unfortunate that there is a continued use of the 
obscure notation of the Poincare-Bertrand formula4 which 
we believe has led to a i l the di f f icul t ies. 

In these fur ther comments we shall add two points to the 
discussion: 1) We shall derive expression (7-3) of r e f e r -
ence 1 without recourse to the Poincare-Bertrand formula 
and in so-doing obtain an alternative (correct in the sense 
of distr ibut ions) to equation (3A) of reference 3. 2) For 
the sake of those who do not desire to become int imatelv 
acquainted with the involvements of d istr ibut ion theory, we 
shal l attempt to discuss the pract ica l impl icat ion of these 
considerations. 

Refer r ing to reference 5 for mathematical background 
and notation we state two easily proven lemmas: 

1H. G. KAPER, Letter to the Editors, Nucl. Sci. Eng. this issue, 
p. 4123. 

2 A. M. JACOBS and J. J. McINERNEY, Nucl. Sci. Eng. 22, 119 
(1965). 

3I. KUSCER and N. J. McCORMICK, Nucl. Sci. Eng. 23, 404 
(1965). 

4 N. I. MUSKHELISHVILI, Singular Integral Equations, Noordhoff, 
Groningen (1953). 

51. M. GEL'FAND and G. E. SfflLOV, Generalized Functions, 
Vol. I, Academic Press (1963). 

Lemma 1; {x+iO)'1 = x'1 - iir 6(x), 

where x"1 is the canonical regular izat ion (i.e. the Cauchy 
pr inc ipal value). 

Lemma 2: (liv'-ii+iO)'1 (v-fjL+iOf1 

= (v-v'+iOf1 (vr(vt-ii+iO)'1-v(v-ii+iO)''1)j 

where a l l terms are distr ibut ions with respect to the three 
variables jul, v* and v. We use these lemmas to prove a 
theorem of central importance in the consideration of 
generalized functions relevant to transport theory. 

Theorem: ^(i/'-ii)'1 (v-fi)'1 

With change of variable notation, this resul t should be 
compared with equation (3A) of reference 3. Here, speci f i -
cations on integration order are meaningless. A par t icu lar 
example of the use of this theorem is i ts application to the 
unit test function on (-1,+1) with respect to the variable ju. 
The result is 

/;; dMv-nr ( ^ n = o ^ r 1 -^ fe i ] ) 

+ ir2v6(v-vf) 

when v, v1 are in (-1,+1). This is in agreement with equa-
tion (7-3). However, it is obtained without the rather 
confusing arguments related between equations (8) and 
(7-3) of reference 1. 

With regard to the pract ica l impl icat ion of these con-
siderations, we believe that it is important to state that 
c ruc ia l effects of clear notation (in the use of generalized 
functions in transport theory) occur only in problems 
where there is a source singular in the angle var iable (i.e. 
the angular Green's function). Even in the case of such 
problems, a consistent use of the closure condition yields 
answers which can be cor rect ly interpreted2 '3 . However, 
as Kaper points out, the notation of these answers may not 
be that of fo rmal distr ibut ion theory (viz., that in r e f e r -
ence 5). 
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